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Abstract
We present a quantum analogue of the “parallelogram” axioms for torsors (J. Reine Angew.
Math. 160 (1929) 199). A quantum torsor is an algebra equipped with a triple coproduct and
with an algebra endomorphism playing the role of the square of the antipode in a Hopf algebra.
When the ground ring is a 5eld or a ring of formal series, we prove that any quantum torsor
is equipped with a natural structure of bicomodule-algebra. In this framework, we reformulate
the rules for the composition of torsors and we de5ne an invariant group associated with any
Hopf algebra. We then discuss the relation of our approach with the theory of Hopf–Galois
extensions and with the theory of Hopf–Galois systems (a quantum analogue of the “groupoid”
formulation of torsor axioms). Finally, we give a general categorical reformulation for faithfully
;at Hopf–Galois extensions over a ring.
c© 2003 Elsevier B.V. All rights reserved.
MSC: 16W30
1. Introduction
The general de5nition of a torsor in a category faces two standard problems: the
category does not necessarily possess 5nite products and even if it is the case, this
categorical product does not always correspond to the naturally expected product (in
particular, this implies that groups of the category are not the ones we could guess;
thus, groups of the category of K-algebras are not all K-Hopf algebras). However, there
are two important examples for which we know how to de5ne torsors: the category
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AG(K) of a8ne schemes over a commutative 5eld K and the category VarP of Poisson
manifolds.
In the 5rst case, by duality, groups correspond to commutative Hopf algebras and a
torsor is de5ned as the collection of a k-group scheme G, a G-space X with an action
m :G × X → X such that the map:
can :G × X → X × X;
(g; x) → (m(g; x); x) (1.1)
is a k-schemes isomorphism [5,6,16].
In the second case, a torsor, also called “aJne Poisson group” by Dazord and Sondaz
[4] (for a precursor, see [15]), is de5ned as a Poisson manifold X which is a principal
Poisson homogeneous space under the action of a Poisson–Lie group G.
In both cases, if X is a torsor, there are actually two groups acting on it, one from
the left and the second from the right. We are also able to classify the torsors: modulo
an equivalence relation, G-torsors of AG(K) are in correspondence with the pointed
cohomology set H 1(Gal( NK;K); G( NK)) where NK is an algebraic closure of K [16],
and if G denotes a connected simply connected Poisson–Lie group corresponding to a
Lie bialgebra (g; 
) then G-torsors of VarP correspond bijectively to elements f∈2g
such that Alt(
⊗ Idg)(f) is a g-invariant element in g⊗3 (such an element is called a
classical Drinfeld twist for (g; 
). Moreover, if X is a G-torsor of VarP corresponding
to a twist f, then any quantization of f in a quantum Drinfeld twist gives rise to a
quantization of X (see a result of Parmentier [10]).
Therefore, we would like to make sense of the notion of quantum torsors in such a
way that:
1. in the commutative case, one gets torsors of AG(K);
2. Parmentier quantizations of “aJne Poisson groups” are quantum torsors.
Unfortunately, these two de5nitions of a torsor in AG(K) and VarP are not compatible:
the map can is not a Poisson map in VarP . On the other hand, the old “parallelogram”
axioms for torsors can be extended to both categories. We then introduce the corre-
sponding quantum notion, that of “quantum torsors”. A quantum torsor is seen as an
algebra equipped with a triple coproduct and with an algebra morphism playing the
role of the square of an antipode in a Hopf algebra. We show the equivalence of the
axioms of “quantum torsors” with related formalisms:
(HGE) Hopf–Galois extensions,
(HGS) Hopf–Galois systems.
In the classical set-up, the formalisms (HGE), (HGS) and that of “parallelogram” are
all equivalent: (HGE) is based on the map can and (HGS) is based on the observation
that a torsor naturally gives rise to a groupoid with two objects.
Notations. Throughout this article, K denotes a commutative 5eld, k denotes either K
or the ring of its formal series K[[h]] and R denotes a commutative ring with unit. If
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M and N are two topologically free K[[h]]-modules, then M ⊗ N will stands for the
h-adic-completion of the standard tensorial product M ⊗K[[h]] N .
2. Quantum torsors
In this section, we recall the “parallelogram” approach to the torsor axioms. We then
introduce the quantum torsors as the natural counterpart of these axioms.
2.1. Classical torsors
Our starting point is an old intrinsic reformulation of torsors proposed originally by
Baer [1] and developed later on by Certaine [3], Vagner [17], Kock [7], Weinstein [18]
and recalled recently by Kontsevich [8]. To understand this idea, we ask the following
question: what can we do in a torsor X (for example X is an aJne space) if we have
“forgotten” the two groups from the left and from the right (the vector spaces) acting
on it? Answer: even if we are no longer able to draw vectors, we consider that we
are still able to associate to three points a; b; c the fourth point d such that a; b; c; d is
a parallelogram.
Thus, we get a map X :X 3 → X satisfying some neutrality and associativity relations
called parallelogram relations and analogous to the ones we would get by taking X=G
a group and
G :G3 → G;
(a; b; c) → ab−1c: (2.1)
Explicitly, these relations are
X (a; a; b) = b; (2.2)
X (a; b; b) = a; (2.3)
X (X (a; b; c); d; e) = X (a; b; X (c; d; e)) (2.4)
= X (a; X (d; c; b); e) (2.5)
for all a; b; c; d; e in X . If X is a G-torsor in AG(K), then the map X de5ned by
X :X 3 = X 2 × X →˜G × X × X → G × X → X;
where the second map is obtained by forgetting the second factor in G×X ×X satis5es
all these relations. Moreover, if G is a Poisson–Lie group, then it can be shown that
the map G is a Poisson map from G × NG × G where NG = G as a manifold with
the opposite Poisson structure. Thus, every torsor of VarP is equipped with a map
X :X × NX × X → X satisfying (2.2)–(2.5). Conversely, if a morphism X satis5es
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all these relations and X is an aJne scheme or a Poisson manifold, then X is a
torsor.
2.2. Quantum torsors
We propose the following de5nition for a quantum torsor.
Denition 2.1. A quantum torsor over R (in brief, QT) is a quintuple (T; mT ; 1T ; T ; T )
where (T; mT ; 1T ) is a non-zero R-algebra, T :T → T⊗T op⊗T is an algebra morphism
and T :T → T is an algebra morphism satisfying the following axioms:
∀x∈T; (mT ⊗ IdT ) ◦ T (x) = 1T ⊗ x; (2.6)
(IdT ⊗ mT ) ◦ T (x) = x ⊗ 1T ; (2.7)
(IdT ⊗ IdT op ⊗ T ) ◦ T = (T ⊗ IdT op ⊗ IdT ) ◦ T ; (2.8)
(IdT ⊗ IdT op ⊗ T ⊗ IdT op ⊗ IdT ) ◦ (T ⊗ IdT op ⊗ IdT ) ◦ T
=(IdT ⊗ opT ⊗ IdT ) ◦ T ; (2.9)
(T ⊗ T ⊗ T ) ◦ T = T ◦ T (2.10)
with opT := (13)◦T . If mT =mopT (resp., T =opT ) the torsor is said to be commutative
(resp., equipped with a commutative law). A quintuple (T; mT ; 1T ; T ; T ) is a quasi-left
torsor (resp., quasi-right torsor) if it satis5es all the axioms of a torsor except perhaps
Axiom (2.7) and Axiom (2.10) (resp., Axiom (2.6) and Axiom (2.10)). A quantum
torsor (T; mT ; 1T ; T ; T ) is said to be autonomous if T is bijective.
Remark 2.2. If (T; mT ; 1T ; T ; T ) is a quasi-left torsor (resp., quasi-right torsor, torsor),
then (T op; mopT ; 1T ; 
op
T ; T ) is a quasi-right torsor (resp., quasi-left torsor, torsor), called
its (natural) opposite quasi-right torsor (resp., quasi-left torsor, torsor).
Note 2.3. If (T; mT ; 1T ; T ; T ) is a quantum torsor, then T is fully determined by mT
and T . In fact, for all x∈T , we have
(mT ⊗ IdT ⊗ mT ) ◦ (IdT ⊗ opT ⊗ IdT ) ◦ T (x) = 1T ⊗ T (x)⊗ 1T : (2.11)
Denition 2.4. We use generalized Sweedler notations: if (T; mT ; 1T ; T ; T ) is a
quantum-torsor, then for all x∈T , forgetting the symbol ∑, we denote T (x) =:
x(1) ⊗ x(2) ⊗ x(3) and (n)T (x) = x(1) ⊗ · · · ⊗ x(2n+1); n∈N, where (n)T satis5es the in-
duction (0)T := IdT and 
(n)
T = : (
(n−1)
T ⊗ IdT op ⊗ IdT ) ◦ T .
The axioms show that for any odd integer i, we have
x(1) ⊗ · · · ⊗ x(i−1) ⊗ x(i)(1) ⊗ x(i)(2) ⊗ x(i)(3) ⊗ x(i+1) ⊗ · · · ⊗ x(2n−1) = (n)T (x)
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and, for any even integer i,
x(1) ⊗ · · · ⊗ x(i−1) ⊗ x(i)(1) ⊗ x(i)(2) ⊗ x(i)(3) ⊗ x(i+1) ⊗ · · · ⊗ x(2n−1)
= x(1) ⊗ · · · ⊗ x(i−1) ⊗ x(i+2) ⊗ T (x(i+1))⊗ x(i) ⊗ x(i+3) ⊗ · · · ⊗ x(2n+1):
If follows from (2.11) that
∀x∈T; T (x) = x(1)x(2)(3)x(2)(2)x(2)(1)x(3): (2.12)
In particular, if T is either commutative or equipped with a commutative law, then
T = IdT .
Example 6 below shows that T is an analogue of the square of the antipode in a
Hopf algebra.
Example 2.5 (The trivial torsor of a Hopf algebra). Let (H;mH ; H ; H ; H ; SH ) be a
Hopf algebra. The quintuple (H;mH ; 1H ; H ; H ) is a quantum torsor with 1H = H (1),
H := (IdH ⊗ SH ⊗ IdH ) ◦ (2)H and H := S2H .
Example 2.6 (A8ne torsors). By duality, in this framework of quantum torsors, torsors
of AG(K) correspond bijectively to commutative quantum torsors [8].
Example 2.7 (Galois extensions). As a subcase of the previous example, let us see
how we can formulate in terms of quantum torsors a fundamental example of the theory
of Hopf–Galois extensions. Let K = k[T ]=(P) be a Galois extension of a 5eld k; t :=
cl(T ) a primitive element in K;G := Gal(K=k) the Galois group of K=k, H := (kG)∗
the natural Hopf algebra of functions on G with values in k and X := Homk-alg(K; Nk).
It is obvious that the map
X × G→ X;
(f; $) →f ◦ $
equips X with a structure of G-(right)-torsor. In terms of aJne schemes, this means
that the map:
can :K ⊗ K→K ⊗ H;
x ⊗ y →
∑
$∈G
x$(y)⊗ 1$
is an isomorphism of algebras. One can identify the algebra K ⊗k K and K[T ]=(P),
in such a way that t1 := t ⊗ 1 is identi5ed with t ∈K ⊂ K[T ]=(P) and t2 := 1 ⊗ t
with cl(T )∈K[T ]=(P). Then, clearly, the inverse 1K ⊗ 1$ by can is P$ :=
∏
=$
(t2 − (t1))=($(t1)− (t1)). Therefore, if we de5ne the map K by
k :K→K ⊗k K ⊗k K;
x →
∑
$∈G
$(x)⊗ P$
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then, the quintuple (K;mK ; 1K ; K ; IdK) is the quantum torsor structure over k associated
to X seen as a G-torsor in AG(K).
Example 2.8 (Non-commutative quantum torsor with no character).1 Let k be a 5eld
and n a non-negative integer. Suppose that k contains an element q which is an
nth primitive root of 1, q = 1. For any ' and ( in k×, we denote by A(n)';( the
non-commutative algebra with unit and without character given by generators: x, y
and relations: xn = ', yn = ( and xy = qyx. The algebra A(n)';( is a non-trivial cyclic
algebra and dimk A
(n)
';(=n
2. If n=2, then A(n)';( is an algebra of quaternions. The algebra
A(n)';( has a natural torsor structure given by (x) = x ⊗ x−1 ⊗ x, (y) = y ⊗ y−1 ⊗ y
and = Id.
We call cotorsor the dual notion of a torsor. It is a coalgebra equipped with a triple
product and a coalgebra morphism satisfying dual relations to (2.6)–(2.10). The dual
of a torsor is always a cotorsor while the converse is only true in the 5nite-dimensional
case.
Example 2.9 (Cotorsors and Drinfeld’s twists). Let (H;mH ; H ; H ; H ; SH ) be a Hopf
algebra and F ∈ (H ⊗ H)× a Drinfeld twist i.e., F satis5es both of the equations:
(F ⊗ 1)(⊗ IdH )(F) = (1⊗ F)(IdH ⊗ H )(F); (2.13)
(H ⊗ IdH )(F) = (IdH ⊗ H )(F) = 1: (2.14)
Then, it is known that (1) uF := mH ◦ (IdH ⊗ SH )(F) is an invertible element of H
(the inverse is u−1F = mH ◦ (SH ⊗ IdH )(F−1)) and (2) the sextuple (H;mH ; FHF−1,
H ; H ; uFSHu−1F ) denoted in brief by H˜ is a Hopf algebra. We then de5ne the quintuple
(C; C; C ; -C ; C) in the following way: C := H , C := HF−1, C := H , C is
de5ned by
C :C→C;
x → S2H (x)SH (uF)u−1F (2.15)
and -C is de5ned by
-C :C ⊗A Ccop ⊗A C→C;
x ⊗ y ⊗ z → xuFSH (y)z: (2.16)
Then, (C; C; C ; -C ; C) is a cotorsor. Now, if H=U˝(g) with k=K[[˝]], if 
 := lim˝→0
˝−1(H − opH ) and f := lim˝→0 ˝−1(F − 1 ⊗ 1), then the triple (C; C; C) is a
quantization of the “aJne Poisson group” given by the triple (g; 
; f) [10]. To get
a quantum torsor, one considers the topological dual of C. Therefore, we see that
1 As we will see in Example 2.22, the torsor structure given here is not related to the Taft algebras
in [12].
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our theory of quantum torsors subsumes Paramentier quantization results concerning
torsors of VarP .
2.3. Reconstruction theorem
If X is a classical torsor, then there are two groups acting simply transitively on
X (from the left and from the right). We show that this setting also holds in the
non-commutative case. If the ground ring is K, then we can attach two Hopf algebras
to any quantum torsor. The same results holds for topologically free quantum torsors
over K[[h]].
Theorem 2.10. Let (T; mT ; 1T ; T ; T ) be a quasi-left torsor over k (with T topologi-
cally free over k if k=K[[h]]). We denote by Hl(T; mT ; 1T ; T ; T ) or shortly Hl(T ) if
there is no confusion, the set {x∈T ⊗T op=(IdT ⊗ IdT op ⊗T ⊗ IdT op )◦ (T ⊗ IdT op )(x)=
(IdT ⊗ opT )(x)}. Then:
1. if x∈Hl(T ) then both mT (x) and mopT ◦ (T ⊗ IdT op )(x) are equal to a common
scalar denoted by Hl(T )(x)1T ;
2. if x∈Hl(T ) then Hl(T )(x) := (T ⊗ IdT op )(x)∈Hl(T )⊗ Hl(T );
3. by de?ning mHl(T ) as the restriction of mT ⊗ mopT to Hl(T ) and Hl(T ) : k → Hl(T )
as given by Hl(T )(1)=1T ⊗ 1T , the quintuple (Hl(T ); mHl(T ); Hl(T ); Hl(T ); Hl(T )) is
a bialgebra;
4. Im T ⊂ Hl(T ) ⊗ T and 1T := T :T → Hl(T ) ⊗ T embeds T with a Hl(T )-left-
comodule-algebra structure.
Moreover, if T is a quantum torsor and if we set SHl(T )(x) := (12) ◦ (T ⊗ IdT op )(x)
for x∈Hl(T ), then Im SHl(T ) ⊂ Hl(T ) and (Hl(T ); mHl(T ); Hl(T ); Hl(T ), Hl(T ); SHl(T ))
is a Hopf algebra.
Proof. If the ground ring is K[[h]], then we need to prove the following results.
Lemma 2.11. Let M be a closed submodule of a topologically free module V over
k = K[[h]]. If the quotient module V=M is torsion free, then M is a direct factor
in V .
Proof. It follows from the hypothesis M closed that M is complete. Moreover, M is
also separated and free torsion since V is. So, M is topologically free over k. Moreover,
M ∩hV =hM since V=M is free torsion. So, M0 := M=hM ,→ V=hV := V0. Now, let N0
be a subspace of V0 such that V0 =M0⊕N0 and N := N0[[h]]. Then, V ∼= M ⊕N .
Corollary 2.12. Let (T; mT ; 1T ; T ; T ) be a quasi-left torsor over k. Then, Hl(T ) is a
direct factor in T ⊗ T op.
Proof. Indeed, Hl(T ) is the kernel of f := (IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (T ⊗ IdT op )−
(IdT ⊗ opT ) in T ⊗ T op. So, T ⊗ T op=Hl(T ) ∼= Imf ⊂ T ⊗ T op is torsion free.
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Corollary 2.13. Let (T; mT ; 1T ; T ; T ) be a quasi-left torsor over k and U a k-module
(with U topologically free over k if k=K[[h]]). Then, Hl(T )⊗U =ker(f⊗ IdU ) and
U ⊗ Hl(T ) = ker(IdU ⊗ f) where f is de?ned above.
Proof. If k = K, then the result is obvious since any K-vector space is ;at over K.
Let us suppose that k=K[[h]]. If D is a K[[h]]-module, we denote by D0 the K-space
D=hD and x0 ∈D=hD the image of any element x∈D. Let us consider the short exact
sequence of complete modules:
0→ Hl(T ) i→T ⊗ T op f→ Imf → 0; (2.17)
where i :Hl(T ) ,→ T ⊗ T op is the canonical embedding of Hl(T ) in T ⊗ T op. Set
i0 := i (mod h) and f0 := f (mod h). Then, we get the following short exact sequence
of K-space:
0→ Hl(T )0 i0→ (T ⊗ T op)0 f0→ Imf0 → 0: (2.18)
So, we also get
0→ Hl(T )0 ⊗K U0
i0⊗IdU0−−−−→ (T ⊗ T op)0 ⊗K U0
f0⊗IdU0−−−−→ Imf0 ⊗K U0 → 0: (2.19)
Now, let x∈ ker(f⊗IdU ) ⊂ T⊗T op⊗U . Then, x0 ∈ ker(f0⊗IdU0 )=Hl(T )0⊗KU0. So,
there is y(1) ∈Hl(T )⊗U such that x−y(1) ∈ h(T⊗T op). But, Hl(T )⊗U ⊂ ker(f⊗IdU ).
So, there is also x(1) ∈ ker(f ⊗ IdU ) such that x = y(1) + hx(1) and by induction, for
all i∈N, there is x(i) ∈ ker(f ⊗ IdU ) and y(i) ∈Hl(T )⊗ U such that x = y(i) + hix(i).
On the other hand, by Corollary 2.12, Hl(T ) ⊗ U is a direct factor in T ⊗ T op. Let
V ⊂ T ⊗ T op be such that T ⊗ T op = (Hl(T )⊗ T )⊕ V . The last equality for x shows
that the V -component of x is of valuation greater than i. But this holds for any i∈N.
Hence, we see that x∈Hl(T )⊗ T .
Let us now prove 1. Let x∈Hl(T ). Then, by (2.6), we have (mT ⊗ mopT ) ◦ (IdT ⊗
opT )(x) = mT (x)⊗ 1T . On the other hand, by (2.6) again,
(mT ⊗ mopT ) ◦ (IdT ⊗ IdT op ⊗ T ⊗ IdT ) ◦ (T ⊗ IdT op )(x)
= (IdT ⊗ mopT ) ◦ (IdT ⊗ T ⊗ IdT op ) ◦ (mT ⊗ IdT ⊗ IdT op ) ◦ (T ⊗ IdT op )(x)
= (IdT ⊗ mopT ) ◦ (IdT ⊗ T ⊗ IdT op )(1T ⊗ x)
= 1T ⊗ mopT ◦ (T ⊗ IdT op )(x):
So, by (2.9), we see that mT (x)⊗ 1T = 1T ⊗ mopT ◦ (T ⊗ IdT op )(x).
Lemma 2.14. Let a; b∈T be such that a⊗1T =1T ⊗b. Then, a and b are both equal
to a common scalar.
Proof. We keep the same notations as in the proof of Corollary 2.13. By hypothesis,
one has a=mT (a⊗1T )=mT (1T⊗b)=b. So, a⊗1T=1T⊗a and a0⊗1T=1T⊗a0 ∈T0⊗KT0.
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So, a0 is a scalar. Therefore, there is '(1) ∈ k 1T and a(1) ∈T such that a= '(1) + ha(1)
and a(1)⊗1T =1T⊗a(1). So, by induction, we show that for all i∈N, there is '(i) ∈ k 1T
and a(i) ∈T such that a='(i)+hia(i). This implies that the sequence ('(i))i∈N is Cauchy.
So, it is convergent to a scalar ' since k 1T is closed in T . So, we get x = '.
Hence, 1. follows from Lemma 2.14. Let us prove 2. First, by (2.9) and Corollary
2.13, we remark that
Im T ⊂ Hl(T )⊗ T: (2.20)
Then, we have:
Lemma 2.15. If x∈Hl(T ), then (IdT ⊗ IdT op ⊗ IdT ⊗ IdT op ⊗T ⊗ IdT op )◦ (IdT ⊗ IdT op ⊗
T ⊗ IdT op ) ◦ (T ⊗ IdT op )(x) = (IdT ⊗ IdT op ⊗ IdT ⊗ opT ) ◦ (T ⊗ IdT op )(x).
Proof. By (2.8),
l:h:s = (IdT ⊗ IdT op ⊗ IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (T ⊗ IdT op ⊗ IdT ⊗ IdT op )
◦(T ⊗ IdT op )(x)
= (T ⊗ IdT op ⊗ IdT ⊗ IdT op ) ◦ (IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (T ⊗ IdT op )(x)
= (T ⊗ IdT op ⊗ IdT ⊗ IdT op ) ◦ (IdT ⊗ opT )(x)
= (IdT ⊗ IdT op ⊗ IdT ⊗ opT ) ◦ (T ⊗ IdT )(x)
= r:h:s:
Lemma 2.15 and Corollary 2.13 show that
Im(T ⊗ IdT op ) ⊂ T ⊗ T op ⊗ Hl(T ):
On the other hand, (2.20) yields
(T ⊗ IdT op )(Hl(T )) ⊂ Hl(T )⊗ T ⊗ T op:
Thus, we conclude that (T ⊗ IdT op )(Hl(T )) ⊂ Hl(T )⊗Hl(T ), since Hl(T ) is a direct
factor in T⊗T op (Corollary 2.12). Hence, we get 2. The fact that (Hl(T ); mHl(T ); Hl(T ))
is an algebra follows from the fact that both T and T are algebra morphisms. We
also remark that Hl(T ) is a left counit. This follows from (2.6). It is also a right counit.
Indeed, by 1. and 2., for all x∈Hl(T ), we have
(IdT ⊗ IdT opT ) ◦ (T ⊗ IdT op )(x)
= (IdT ⊗ IdT op ⊗ mopT ) ◦ (IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (T ⊗ IdT op )(x)
= (IdT ⊗ IdT op ⊗ mopT ) ◦ (IdT ⊗ opT )(x)
(2:6)
= x ⊗ 1T :
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So, by de5nition of Hl(T ), we deduce that Hl(T ) is also a right counit for Hl(T ).
Therefore to prove 3., it remains to prove that Hl(T ) is coassociative. But (2.8) yields
(T ⊗ IdT op ⊗ IdT ⊗ IdT op ) ◦ (T ⊗ IdT op )(x)
= (IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (T ⊗ IdT op )(x)
for all x∈T ⊗ T op and a fortiori for all x∈Hl(T ). Thus,
(Hl(T ) ⊗ IdHl(T )) ◦ Hl(T ) = (IdHl(T ) ⊗ Hl(T )) ◦ Hl(T ):
The fact that Hl(T ) coacts on T from the left follows from (2.20), (2.6) and (2.8). So,
4. is also proved. Let us suppose now that T is a quantum torsor i.e., relations (2.7)
and (2.10) hold. First, we show that Im SHl(T ) ⊂ Hl(T ). Let (54321) be the permutation
morphism de5ned by
(54321)(x1 ⊗ x2 ⊗ x3 ⊗ x4 ⊗ x5) = x5 ⊗ x4 ⊗ x3 ⊗ x2 ⊗ x1:
Then, we note that
(54321) ◦ (IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (T ⊗ IdT op )
= (IdT ⊗ T ⊗ IdT ⊗ IdT op ) ◦ (IdT ⊗ opT ) ◦ (12)
while (54321) ◦ (IdT ⊗ opT ) = (T ⊗ IdT op ) ◦ (12). Therefore, for x∈Hl(T ), we have
(IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (T ⊗ IdT op ) ◦ SHl(T )(x)
= (IdT ⊗ IdT op ⊗ T ⊗ T ) ◦ (T ⊗ IdT op ) ◦ (12)(x)
= (IdT ⊗ T ⊗ T ⊗ T ) ◦ (IdT ⊗ opT ) ◦ (12)(x)
(2:10)
= (IdT ⊗ opT ) ◦ (IdT ⊗ T ) ◦ (12)(x):
Thus, we see that Im SHl(T ) ⊂ Hl(T ). Moreover, let x= xi⊗ x˜i ∈Hl(T ). Then by (2.7),
1. and the de5nition of Hl(T ), we have
mHl(T ) ◦ (SHl(T ) ⊗ IdHl(T )) ◦ Hl(T )(x)
= mHl(T ) ◦ (SHl(T ) ⊗ IdHl(T ))(x(1)i ⊗ x(2)i ⊗ x(3)i ⊗ x˜i)
= mHl(T )(x
(2)
i ⊗ T (x(1)i )⊗ x(3)i ⊗ x˜i)
= x(2)i x
(3)
i ⊗ x˜iT (x(1)i )
= 1T ⊗ x˜iT (xi)
= Hl(T )1Hl(T ):
In the same way, with the help of (2.7) and the de5nition of Hl(T ), we have
mHl(T ) ◦ (IdHl(T ) ⊗ SHl(T )) ◦ Hl(T )(x)
= mHl(T ) ◦ (IdHl(T ) ⊗ SHl(T ))(x(1)i ⊗ x(2)i ⊗ x(3)i ⊗ x˜i)
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= mHl(T )(x
(1)
i ⊗ x(2)i ⊗ x˜i ⊗ T (x(3)i ))
= mHl(T )(xi ⊗ x˜(3)i ⊗ x˜(1)i ⊗ x˜(2)i )
= xix˜
(1)
i ⊗ x˜(2)i x˜(3)i
= xix˜i ⊗ 1T
= Hl(T )(x)1Hl(T ):
So SHl(T ) is an antipode for Hl(T ). This ends the proof of Theorem 2.10.
Note 2.16. One can certainly extend Theorem 2.10 to quantum torsors over a larger
class of ground ring. For instance, the result still holds for free quasi-left quantum
torsor over a principal ideal domain. However, we are interested in the quantization of
the parallelogram axioms. So, for us, the ground ring is mainly K or K[[h]].
Similarly to Theorem 2.10, if (T; mT ; 1T ; T ; T ) is either a quasi-right torsor over K
or a topologically free quasi-right torsor over K[[h]], then we can de5ne a bialgebra
structure on the set Hr(T ) := {x∈T op⊗T=(IdT op ⊗T ⊗ IdT op ⊗ IdT )◦ (IdT op ⊗T )(x)=
(opT ⊗ IdT )(x)}. Moreover, if T is a quantum torsor, then Hr(T ) is a Hopf algebra. We
also have Im T ⊂ T ⊗Hr(T ) and the maps 
T := T :T → T ⊗Hr(T ) equips T with
an Hr(T )-right-comodule-algebra structure. Furthermore, it follows from (2.8) that the
two structures of Hl(T )-left-comodule-algebra and Hr(T )-right-comodule-algebra are
compatible. Therefore, we get the following corollary.
Corollary 2.17. If (T; mT ; 1T ; T ; T ) is a quantum torsor over k (with T topologically
free over k if k =K[[h]]), then we can attach two Hopf algebras Hl(T ) and Hr(T )
such that T is a (Hl(T ); Hr(T ))-bicomodule algebra of k.
We will see that T is in fact a (Hl(T ); Hr(T ))-Hopf–biGalois extension (Corollary
4.13).
Note 2.18. If (T; mT ; 1T ; T ; T ) is an autonomous quantum torsor i.e., T bijective,
then both SHl(T ) and SHr(T ) are bijective. Conversely, if H or H
′ is an autonomous
Hopf-algebra i.e., such that SH or SH ′ is bijective, and if T is a quantum torsor with
Hl(T ) ∼= H and Hr(T ) ∼= H ′, then one can prove using torsor axioms that T is in fact
injective. However, we do not know if T is necessarily bijective (see Note 2.27). If it
is the case, then Tor(H) would be the same as aTor(H) and thus would be a group.
Note 2.19. With the notations of Remark 2.2, if (T; mT ; 1T ; T ; T ) is a quantum torsor,
then the restriction of T ⊗ IdT op (resp., IdT ⊗ T ) to Hl(T ) (resp., Hr(T )) is a Hopf
algebra morphism from Hl(T ) (resp., Hr(T )) to Hr(T op) (resp., Hl(T op)) which is
an isomorphism if T is bijective. In fact, the transposition map  :T ⊗ T → T ⊗ T
de5ned by (x ⊗ y) = y ⊗ x maps Hl(T ) (resp. Hr(T )) to Hr(T op) (resp. Hl(T op)
and |Hl(T ) (resp. |Hr(T )) establishes a Hopf algebras isomorphism between Hl(T )
op;cop
(resp. Hr(T )op;cop) and Hr(T op) (resp. Hl(T op)).
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Example 2.20. Let (H;mH ; H ; H ; H ; SH ) be a Hopf algebra equipped with its trivial
torsor structure (H;mH ; 1H ; H ; H ). Then, Hl(H)= (IdH ⊗ SH ) ◦(H), Hr(H)= (SH ⊗
IdH ) ◦ H (H) and il;H := (IdH ⊗ H ) (resp., ir;H := (H ⊗ IdH )) establishes a Hopf
algebra isomorphism between Hl(H) and H (resp., Hr(H) and H).
Example 2.21. If K=k is a Galois extension of a 5eld k, equipped with its torsor
structure as in 4.8, then Hl(T ) ∼= H cop and Hr(T ) ∼= H with H := (kG)∗.
Example 2.22. Let A(n)';( be the non-commutative torsor considered in Example 2.8.
Then, Hl(A
(n)
';() =Hr(A
(n)
';() is generated by the elements x⊗ x−1 and y⊗ y−1 and thus
is isomorphic to the algebra of functions on (Z=nZ)2.
Example 2.23. With the same notations as in Example 2.9, the Hopf algebra acting on
the left (resp., right) on the cotorsor C by the multiplication map mH is isomorphic to
H (resp., H˜).
Denition 2.24. Let (Ti; mTi ; 1Ti ; Ti ; Ti); i = 1; 2 be two quantum torsors over R. We
say that a map f :T1 → T2 is a quantum torsor morphism if and only if (1) f is an
R-algebra morphism, (2) T2 ◦ f = (f ⊗ f ⊗ f) ◦ T1 and (3) f ◦ T1 = T2 ◦ f.
Proposition 2.25. Let (Ti; mTi ; 1Ti ; Ti ; Ti); i = 1; 2 be two quantum torsors over k
(with Ti topologically free over k if k =K[[h]]) and f :T1 → T2 a quantum torsors
morphism. Then, (f ⊗ fop)(Hl(T1)) ⊂ Hl(T2) (resp., (fop ⊗ f)(Hr(T )) ⊂ Hr(T2))
and fl := (f ⊗ fop)|Hl(T1) :Hl(T1)→ Hl(T2) (resp., fr := (fop ⊗ f)|Hr(T1) :Hr(T1)→
Hr(T2)) is a Hopf algebra morphism.
Example 2.26. If (T; mT ; 1T ; T ; T ) is a quantum torsor over K, then T is a quantum
torsors endomorphism of T .
Note 2.27. Let f :T → T ′ be a quantum torsor homomorphism. If f is bijective, then
it is clear that both fl and fr are bijective. Conversely, if fl or fr is bijective, we
conjecture that f is necessarily bijective.
2.4. Composition of torsors
In this section, we de5ne simple composition laws for quantum torsors. Using the
notion of torsors morphism introduced above, we can make sense of torsor ideals,
sub-torsors, quotient torsors and tensor product of two torsors. Moreover, if (Ti; mTi ; 1Ti ;
Ti ; Ti); i=1; 2 are two torsors with a Hopf algebra isomorphism between Hl(T1) and
Hr(T2), then the following theorem shows that we can compose them to get a third
torsor whose Hopf algebra co-acting from the left (resp., from the right) is isomorphic
to Hl(T1) (resp., Hr(T2)). Explicitly, one has the following result:
Theorem 2.28. Let us assume that (Ti; mTi ; 1Ti ; Ti ; Ti); i=1; 2 are two quantum tor-
sors over k (with Ti topologically free over k if k = K[[h]]) such that there is an
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Hopf-algebra isomorphism 6 :Hr(T1)→ Hl(T2) and let T6 be the cotensorial product
of T1 and T2 over 6 i.e.,
T6 := T1 ⊗6 T2 := {x∈T1 ⊗ T2=(IdT1 ⊗ 6⊗ IdT2 ) ◦ (T1 ⊗ IdT2 )(x)
= (IdT1 ⊗ T2 )(x)}:
Let also m6 and 6 be the restrictions of mT1 ⊗mT2 and T1 ⊗ T2 to T6 and 6 the
map de?ned with the help of the generalized Sweedler notations (see De?nition 2.4)
on T6 ⊂ T1 ⊗ T2 by the formula:
6(xi ⊗ yi) = (34)(x(1)i ⊗ 6(x(2)i ⊗ x(3)i )⊗ x(4)i ⊗ x(5)i ⊗ yi); (2.21)
where (34) :T1 ⊗ T2 ⊗ T op2 ⊗ T op1 ⊗ T1 ⊗ T2 → T1 ⊗ T2 ⊗ T op1 ⊗ T op2 ⊗ T1 ⊗ T2 denotes
the permutation morphism of the third and fourth factors, Hl(T2) being embedded in
T2 ⊗ T op2 . Then:
1. (T6; m6; 1T1 ⊗ 1T2 ) is an algebra, Im 6 ⊂ T6 ⊗ T op6 ⊗ T6, Im 6 ⊂ T6 and
(T6; m6; 1T1 ⊗ 1T2 ; 6; 6) is a quantum torsor.
2. The restriction of the map (34) ◦ (IdT1 ⊗ 6 ⊗ IdT op1 ) ◦ (T1 ⊗ IdT op1 ) to Hl(T1) ⊂
T1 ⊗ T op1 gives rise to a Hopf algebra isomorphism between Hl(T1) and Hl(T6),
whose inverse map is the (well de?ned) restriction of (IdT1 ⊗ Hl(T2) ⊗ IdT op1 ) ◦ (34)
to Hl(T6) ⊂ T1 ⊗ T2 ⊗ T op1 ⊗ T op2 .
3. The restriction of the map (12) ◦ (IdT op2 ⊗ 6−1 ⊗ IdT2 ) ◦ (IdT op2 ⊗ T2 ) to Hr(T2) ⊂
T op2 ⊗ T2 gives rise to a Hopf algebra isomorphism between Hr(T2) and Hr(T6),
whose inverse map is the (well de?ned) restriction of (IdT op2 ⊗ Hr(T1) ⊗ IdT2 ) ◦ (12)
to Hr(T6) ⊂ T op1 ⊗ T op2 ⊗ T1 ⊗ T2.
2.5. The group aTor(H)
Let H and H ′ be two 5xed k-Hopf-algebras (resp. two autonomous Hopf algebras
i.e., such that both SH and SH ′ are bijective) and let us consider the set T̂or(H;H ′)
(resp. âTor(H;H ′)) of the septuples (T; mT ; 1T ; T ; T ; il;T ; ir;T ) where (T; mT ; 1T ; T ; T )
is a quantum torsor (resp. an autonomous quantum torsor) and where il;T :Hl(T )→ H
and ir;T :Hr(T ) → H ′ are two Hopf-algebras isomorphisms. Then, there is a relation
∼H;H ′ on T̂or(H;H ′) (resp. âTor(H;H ′)) de5ned by
(T1; mT1 ; 1T1 ; T1 ; T1 ; il;T1 ; ir;T1 ) ∼H;H ′ (T2; mT2 ; 1T2 ; T2 ; T2 ; il;T2 ; ir;T2 )
if and only if there is a k-torsor isomorphism
f : (T1; mT1 ; 1T1 ; T1 ; T1 ; il;T1 ; ir;T1 )→ (T2; mT2 ; 1T2 ; T2 ; T2 ; il;T2 ; ir;T2 )
such that il;T1 = il;T2 ◦fl and ir;T1 = ir;T2 ◦fr with the notation of Proposition 2.25. This
relation is an equivalence relation on T̂or(H;H ′) (resp. âTor(H;H ′)). The quotient set
is denoted by Tor(H;H ′) (resp. aTor(H;H ′)). Moreover, if H; H ′ and H ′′ are three
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Hopf algebras, then one has a natural map
T̂or(H;H ′)× T̂or(H ′; H ′′)→ T̂or(H;H ′′)
((T1; : : : ; ir;T1 ); (T2; : : : ; ir;T2 )) → (T; : : : ; ir;T ); (2.22)
where T := T1 ⊗6 T2 is, by Theorem 2.28, a k-torsor and 6 := i−1l;T2 ◦ il;T1 ; il;T :=
il;T1 ◦(IdT1⊗Hl(T2)⊗IdT op1 )◦(3;4) and ir;T := ir;T2 ◦(IdT op2 ⊗Hr(T1)⊗IdT2 )◦(1;2). The same
fact holds with Tor replaced by aTor. It can be shown that the map de5ned in (2.22)
is associative and compatible with the equivalence relation ∼H;H ′ . Thus, we de5ne in
this way an associative composition law on Tor(H) := Tor(H;H) (resp. aTor(H) :=
aTor(H;H)) which we denote by ∗. It can be shown that the class of the trivial torsor
on H is a unit for ∗. Moreover, we saw in Note 2.19 that if T is an autonomous
quantum torsor, then T op is also an autonomous quantum torsor, Hl(T op) ∼= Hr(T ) and
Hr(T op) ∼= Hl(T ). In fact, if one considers all autonomous quantum torsors T such
that Hl(T ) ∼= Hr(T ) ∼= H , then one gets a group structure on aTor(H).
Theorem 2.29. Let (H;mH ; H ; H ; H ; SH ) be a k-Hopf algebra with SH bijective. The
set aTor(H) is a group whose unit is the class of the trivial torsor (H;mH ; 1H ; H ; H ;
il;H ; ir;H ) (the notations are the same as those of Examples 2.5 and 2.20). The inverse
of the class of (T; mT ; 1T ; T ; T ; il;T ; ir;T ) is equal to the class of the opposite torsor
of T : (T op; mopT ; 1T ; T ; T ; il;T op ; ir;T op ) with il;T op := il;T ◦ (IdT ⊗ T )−1 and ir;T op :=
il;T ◦ (T ⊗ IdT )−1 (see Note 2.19).
The group aTor(H) is called the torsor invariant of the Hopf-algebra H .
3. Other formulations
We present now two other formulations of a non-commutative torsor. The 5rst one
is the old notion of Hopf–Galois extension. The second is based on the classical ob-
servation that a torsor is in fact a groupoid with two units. This leads to the notion of
Hopf–Galois system.
3.1. Hopf–Galois extensions
In VarP , even if the map can is no longer a morphism, it is still a bijective map.
Therefore, it is natural to de5ne a quantum torsor as the pair of an R-Hopf-algebra H
and a non-zero R-algebra T faithfully ;at over R, equipped with an H -left-comodule-
algebra structure 1T :T → H ⊗ T such that the map
can = (IdH ⊗ mT ) ◦ (1T ⊗ IdT ) :T ⊗ T → H ⊗ T (3.1)
is (merely) a bijective map [14]. We also impose the co-invariants ring to be equal
to R i.e., T coH := {x∈T=1T (x) = 1H ⊗ x}= R · 1T . This is exactly the de5nition of a
Hopf–Galois extension of R [9]. In fact, if T is an H -left Galois extension of R, then
there exists H ′ such that T is an (H;H ′)-bicomodule-algebra and T is also an H ′-right
Galois extension of R [11]. We say that T is a (H;H ′)-biGalois extension of R.
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3.2. Hopf–Galois systems
The notion of a Hopf–Galois system was recently introduced by Bichon in [2]. His
set of axioms is short and very easy to handle with into practise. However, it is not
symmetric. We propose a much more longer but symmetric equivalent set of axioms
for this notion. Our de5nition of what we call a total Hopf–Galois system will be
an exact quantum analogue of the “groupoid” formulation of the torsor axioms. A
total Hopf–Galois system will give a quantum torsor and conversely, an autonomous
quantum torsor will be part of an autonomous total Hopf–Galois system.
To understand the notion of a total HGS, we observe that in the classical case,
a torsor T of AG(K) or VarP possesses an opposite torsor Z which can be de5ned
explicitly with the help of the 1-cocycle or the Drinfeld twist de5ning T and such that
if (A;mA; eA) and (B;mB; eB) are the two groups acting on T from the left and from
the right, then there are arrows:
'T :A× T → T;
(T :T × B→ B;
'Z :Z × A→ Z;
(Z :B× Z→ Z;
1 :T × Z→ A;

 :Z × T → B;
ST :Z→ T;
SZ :T → Z:
These maps satisfy a long list of compatibility relations. In particular, Z is a (B; A)-
bitorsor.
Our de5nition of a total HGS is a quantum analogue of this set-up. From a theoretical
point of view, this is a totally opposed approach to the one we adopted in De5nition
2.1 and which is based on the “parallelogram idea”. Indeed, in our approach, all the
information is concentrated in two endomorphisms  and  de5ned on a single algebra
and which satisfy a short list of axioms, whereas in the “groupoid” approach, we write
down explicitly all the possible maps that we have between the torsor, its opposite
torsor and the groups acting on them. These maps satisfy a long list of associativity
relations. We give a precise de5nition.
Denition 3.1. A total Hopf–Galois system is the collection of two R-Hopf-
algebras (A;mA; A; A; A; SA); (B;mB; B; B; B; SB) and two non-zero R-algebras T and
Z , together with algebra-morphisms:
'T :T → A⊗ T;
(T :T → T ⊗ B;
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'Z :Z→ Z ⊗ A;
(Z :Z→ B⊗ Z;
1 :A→ T ⊗ Z;

 :B→ Z ⊗ T;
ST :T → Zop;
SZ :Z→ T op
satisfying the following axioms:
1. the maps 'T and (T equip T with a structure of (A; B)-bicomodule-algebra;
2. the maps 'Z and (Z equip Z with a structure of (B; A)-bicomodule-algebra;
3. (1⊗ IdT ) ◦ 'T = (IdT ⊗ 
) ◦ (T ;
4. (IdZ ⊗ 1) ◦ 'Z = (
⊗ IdZ) ◦ (Z ;
5. (IdT ⊗ (Z) ◦ 1= ((T ⊗ IdZ) ◦ 1;
6. ('Z ⊗ IdT ) ◦ 
= (IdZ ⊗ 'T ) ◦ 
;
7. (IdA ⊗ 1) ◦ A = ('T ⊗ IdZ) ◦ 1;
8. (1⊗ IdA) ◦ A = (IdT ⊗ 'Z) ◦ 1;
9. (
⊗ IdB) ◦ B = (IdZ ⊗ (T ) ◦ 
;
10. (IdB ⊗ 
) ◦ B = ((Z ⊗ IdT ) ◦ 
;
11. 1 ◦ SA = (12) ◦ (ST ⊗ SZ) ◦ 1;
12. 
 ◦ SB = (12) ◦ (SZ ⊗ ST ) ◦ 
;
13. 'Z ◦ ST = (12) ◦ (SA ⊗ ST ) ◦ 'T ;
14. (Z ◦ ST = (12) ◦ (ST ⊗ SB) ◦ (T ;
15. 'T ◦ SZ = (12) ◦ (SZ ⊗ SA) ◦ 'Z ;
16. (T ◦ SZ = (12) ◦ (SB ⊗ SZ) ◦ (Z ;
17. mT ◦ (IdT ⊗ SZ) ◦ 1= T ◦ A;
18. mT ◦ (SZ ⊗ IdT ) ◦ 
= T ◦ B;
19. mZ ◦ (ST ⊗ IdZ) ◦ 1= Z ◦ A;
20. mZ ◦ (IdZ ⊗ ST ) ◦ 
= Z ◦ B;
where T :R → T and Z :R → Z are the natural morphisms de5ned by T (1R) = 1T
and Z(1R)= 1Z . A total Hopf–Galois system is said to be autonomous if both ST and
SZ are bijective.
One can easily de5ne the notion of total Hopf–Galois systems morphism. Then,
total Hopf–Galois systems form a category which contains the subcategory formed by
autonomous total Hopf–Galois systems.
Example 3.2. Let C be a rigid monoidal category. Assume that X; Y :C → Vectf(K)
are two monoidal functors. Then, (End∨(X );End∨(Y );Hom∨(X; Y );Hom∨(Y; X )) is a
total Hopf–Galois system over K, with standard notations in Tannaka duality theory
(see the proof of Prop. 1.5 [2]).
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By reversing arrows, we can de5ne a dual notion called a total Hopf–Galois R-cosystem.
Let us show explicitly how Example 2.9 reformulates in the framework of this notion.
This will illustrate Theorem 4.2 below.
Example 3.3. We keep the same notations as in Example 2.9. Set (FH; F):=(H; FH )
and (HF−1 ; F−1 ) := (H;VF−1). It can be shown that (FH; F; ) and (HF−1 ; F−1 ; )
are two R-coalgebras. Set also
FS : FH → (HF−1 )cop;
x → SH (x)u−1F (3.2)
and
SF−1 :HF−1 → (FH)cop;
x → uFSH (x): (3.3)
It can be proved that FS and SF−1 are two coalgebra morphisms. Moreover, with the
help of the multiplication map mH , it can be shown that HF−1 (resp., FH) is naturally an
(H; H˜)-bimodule-coalgebra (resp., an (H˜ ; H)-bimodule-coalgebra) and (H; H˜ ; HF−1 ;FH)
is a Hopf–Galois cosystem [2].
Proposition 3.4 (Total Hopf–Galois systems and scalars extension). Let (A; B;
T; Z) be an R-total Hopf–Galois system and R′ ⊃ R be an extension of ring. Set
A′ = A ⊗ R′; : : : ; Z ′ = Z ⊗ R′; : : : ; '′ : =' ⊗ R′, etc. Then, (A′; B′; T ′; Z ′) is an R′-total
Hopf–Galois system.
Denition 3.5. Let (A; B; T; Z) be an R-total Hopf–Galois system and S a ring extension
of R. A pair of characters (T ; Z) with T :T → S and Z :Z → S is called an
S-character for (A; B; T; Z) if one has T ◦ SZ = Z and Z ◦ ST = Z .
One of the main feature dealing with torsors is that an R-quantum torsor or an R-total
Hopf–Galois system needs not have a character. However, if it is the case, then one
has the following result.
Proposition 3.6. Let (A; B; T; Z) be an R-total Hopf–Galois system with an R-
character (T ; Z). Set fA := (IdT ⊗ Z) ◦ 1 :A→ T and gA := (IdA⊗ T ) ◦ 'T :T → A.
Then, A is isomorphic to T as an R-algebra, gA ◦ fA = IdA and fA ◦ gA = IdT . One
has a similar result with B and T ∼= A ∼= B as an R-algebra.
4. Equivalence between all approaches
In [2], Bichon proved the equivalence (HGE) ⇔ (HGS) and in [13], Schauenburg
proved the equivalence (HGE) ⇔ (QT). Therefore, all these concepts are equivalent.
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The diagram
HGS ←−− HGE
↘ ↗
QT
is commutative. Below, we give an explicit description for these correspondences. In
Section 4.2, we show how works the equivalence between (QT) and our de5nition of
total Hopf–Galois system. In Section 4.3, we prove the equivalence between (QT) and
(HGE). Our proof is based on the notion of an H -torsor which underlines Schauen-
burg’s original proof.
4.1. Hopf–Galois extensions and total Hopf–Galois systems
We have the following theorem taken from [2].
Theorem 4.1 (Bichon). Let (A; B; T; Z) be a total Hopf–Galois system over R with T
faithfully Dat over R. Then, T is an (A; B)-bi-Galois extension of R. Conversely, if
T is an (A; B)-bi-Galois extension of a ?eld K, then there exists a (B; A)-bi-Galois
extension Z of K such that (A; B; T; Z) is a total Hopf–Galois system over K.
The second part of Theorem 4.1 is not explicitly stated in [2] in terms of our
de5nition of a total Hopf–Galois system, but it is clear from the proof of Corollary
1.8 of [2]. Thus, the notions of Hopf–Galois extension and total Hopf–Galois system
are equivalent, at least if we work over a 5eld K.
4.2. Total Hopf–Galois systems and quantum torsors
Below, we give explicitly the correspondence between (QT) and total (HGS) and
we show that any autonomous quantum torsor is part of a “canonical” Hopf–Galois
system. There is an equivalence of category between the category of autonomous total
Hopf–Galois systems and the category of autonomous quantum torsors (Corollary 4.7).
Theorem 4.2. Let (A; B; T; Z) be a total Hopf–Galois system over a ring R. Set T :=
(IdT ⊗ SZ ⊗ IdT ) ◦ (1⊗ IdT ) ◦ 'T :T → A⊗ T → T ⊗ Z ⊗ T → T ⊗ T op ⊗ T and T :=
SZ ◦ ST :T → Zop → T = (T op)op. Then, we have the following results (in 2 : : : 5:, we
suppose that R= k with T and Z topologically free over k if k =K[[˝]]:
1. (T; mT ; 1T ; T ; T ) is a quantum torsor;
2. the map iA := (IdT ⊗ SZ) ◦ 1 sends A into Hl(T );
3. the restriction map 'T ⊗ IdT op to Hl(T ) ⊂ T ⊗ T op sends Hl(T ) into A⊗ Hl(T );
4. let iHl(T ) := (IdA ⊗ Hl(T )) ◦ ('T ⊗ IdT op )|orHl(T ). Then, iHl(T ) and iA are two Hopf-
algebras isomorphisms, iHl(T ) ◦ iA = IdA and iA ◦ iHl(T ) = IdHl(T );
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5. If (A; B; T; Z) is an autonomous total Hopf–Galois system, then (T; mT ; 1T ;
T ; T ) is an autonomous quantum torsor.
We have a similar result for B and for T replaced by Z .
Conversely, let (T; mT ; 1T ; T ; T ) be an autonomous quantum torsor over k (with
T topologically free over k if k =K[[˝]]). Set Z = T op, 'T := T :T → Hl(T ) ⊗ T ,
(T := T :T → T ⊗ Hr(T ), ST := T , SZ := IdT op , 'Z := (IdT op ⊗ −1T ) ◦ opT :T op →
Hr(T ) ⊗ T op, (Z := (−1T ⊗ IdT op ) ◦ opT :T op → T op ⊗ Hl(T ) (see Note 2.19) and let
1 (resp. 
) be the canonical embedding of Hl(T ) (resp., Hr(T )) into T ⊗ T op (resp.,
T op ⊗ T ). Then, (Hl(T ); Hr(T ); T; T op) is an autonomous total Hopf–Galois system.
Moreover, the torsor structure attached to this total Hopf–Galois system on T is
isomorphic to (T; mT ; 1T ; T ; T ).
This theorem can be proved directly by simple but fastidious computations.
Denition 4.3. Let (T; mT ; 1T ; T ; T ) be an autonomous quantum torsor over k and T
topologically free over k if k =K[[˝]]. The structure of total Hopf–Galois system de-
5ned above on (Hl(T ); Hr(T ); T; T op) is called the canonical total Hopf–Galois system
attached to (T; mT ; 1T ; T ; T ).
Note that maps T and T depends only on 'T , 1, ST and SZ . Hence, we get the
following corollary of Theorem 4.2.
Corollary 4.4. Let (A; B; T; Z) and (A; B′; T; Z) be two total Hopf–Galois system such
that in both cases, the morphisms 'T , 1, ST and SZ are the same. Then, B ∼= B′.
Note 4.5. Let (A; B; T; Z) be an autonomous HGS with Z = T op and SZ = IdZ = IdT .
Then, (Z; mZ ; 1Z ; Z ; Z) = (T op; m
op
T ; 1T ; 
op
T ; T ).
Proposition 4.6. Let (A; B; T; Z) be an autonomous total Hopf–Galois system over
k and (T; mT ; 1T ; T ; T ) be its associated quantum torsor by Theorem 4.2. Then,
(A; B; T; Z) is isomorphic to the canonical total Hopf–Galois system (Hl(T ); Hr(T );
T; T op) associated with (T; mT ; 1T ; T ; T ). The isomorphism is given by the quadruple
(iA; iB; IdT ; SZ).
Proof. Easy checking.
We deduce the following corollary.
Corollary 4.7. There is an equivalence of category between the category of
k-autonomous total Hopf–Galois systems and the category of k-autonomous
quantum torsors.
Corollary 4.8 (Autonomous quantum torsors and scalars extension). Let (T; m; 1; ; )
be an autonomous k-quantum torsor (with T topologically free over k if k =K[[˝]])
and L ⊃ k a ring extension. Set TL := T ⊗k L; : : : ; L :=  ⊗k L. Then (1) (TL; mL; 1;
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L; L) is an L-autonomous quantum torsor and (2) one has Hl(T ⊗ L) = Hl(T ) ⊗ L
and Hr(T ⊗k L) = Hr(T )⊗k L.
Proof. The 5rst part of the corollary is obvious. By Theorem 4.2, (Hl(T ); Hr(T ); T; T op)
is an autonomous total Hopf–Galois system. So, by Proposition 3.4, (Hl(T )⊗L; Hr(T )⊗k
L; TL; T opL ) is an L-autonomous-total Hopf–Galois system. So, by Proposition 4.6, (Hl(T )
⊗L; Hr(T )⊗k L; TL; T opL ) is isomorphic to (Hl(T ⊗L); Hr(T ⊗k L); TL; T opL ) as an L-total
Hopf–Galois system. Hence, we get the result by Theorem 4.2.
4.3. Quantum torsors and Hopf–Galois extensions
It has been proved by Schauenburg that faithfully ;at Hopf–Galois extensions over
R are quantum torsors [13]. We are now going to present a sketch of proof of this
result. Our proof is essentially the same as Schauenburg’s one but it emphasizes the
notion of an H -torsor which links (HGE) with (QT) via Schneider’s relations [14].
This notion has also the advantage to be a categorical reformulation of faithfully ;at
Hopf–Galois extensions over R. So, we start by de5ning this notion.
4.3.1. H -torsors
In this section, we give the de5nition of an H -torsor and an (H;H ′)-torsor. We prove
that any quantum torsor T over k (with T topologically free over k if k =K[[h]]) is
an Hl(T )-left torsor (Theorem 4.11) and conversely, any H -torsor is a quantum torsor
(Theorem 4.15). We also prove that any faithfully ;at H -torsor over R is an H -Galois
extension of R (Theorem 4.12).
First, we remark that if (T; mT ; 1T ; T ; T ) is a quantum torsor over k (with T topo-
logically free over k if k =K[[h]]), then the Hl(T )-left-comodule structure morphism
1T := T :T → Hl(T )⊗ T on T satis5es the relation
1T ◦ T = (S2H ⊗ T ) ◦ 1T : (4.1)
Moreover, the canonical embedding iT :Hl(T ) → T ⊗ T op is an (Hl(T ); Hl(T )op;cop)-
bicomodule-algebra morphism where Hl(T )op;cop denotes in brief the opposite and
coopposite Hopf algebra (Hl(T ); m
op
Hl(T )
; opHl(T ); Hl(T ); Hl(T ); SHl(T )) associated to H and
where the natural structures of Hl(T )op;cop-right-comodule-algebra on Hl(T ) and T op
are given by the maps
(IdH ⊗ SH ) ◦ H :H → H ⊗ H op;cop (4.2)
with H = Hl(T ) for Hl(T ) and

T op :=  ◦ 1T :T op → T op ⊗ Hl(T )op;cop (4.3)
for T op where  denotes the ;ip between T and Hl(T ). We also have the relations
mT ◦ iT = T ◦ Hl(T );
iT ◦ SHl(T ) = (12) ◦ (T ⊗ IdT op ) ◦ iT (4.4)
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with T : k → T de5ned by T (1)=1T . This leads us to the following general de5nition
for an H -torsor over a ring R.
Denition 4.9. Let (H;mH ; H ; H ; H ; SH ) be a Hopf algebra. A quasi H -left-torsor
over R is the collection of a sextuple (T; mT ; 1T ; 1T ; iT ; T ) such that (1) (T; mT ; 1T )
is an R-algebra, (2) T :T → T is an algebra morphism, (3) 1T :T → H ⊗ T is
an algebra morphism equipping T with a structure of H -left comodule algebra, (4)
iT :H → T ⊗ T op is a morphism of (H;H op;cop)-bicomodule-algebra where T op is
equipped with its natural structure of H op;cop-right-comodule-algebra given by the map

′T op :T
op → T op ⊗ H op;cop de5ned by 
′T op := (12) ◦ 1T and where H is equipped with
its structure of H op;cop-right-comodule-algebra de5ned in (4.2), satisfying the following
axioms:
iT ◦ SH = (12) ◦ (T ⊗ IdT op ) ◦ iT ; (4.5)
T ◦ H = mT ◦ iT ; (4.6)
1T ◦ T = (S2H ⊗ T ) ◦ 1T ; (4.7)
where T :A → T is the natural algebra morphism given by T (1) := 1T . An H -left-
torsor is a quasi-H -left-torsor which satis5es also the following relation:
∀x∈T (IdT ⊗ mT ) ◦ T (x) = x ⊗ 1 (4.8)
with T := (–T ⊗ IdT )◦1T :T → T ⊗T op⊗T . In the same way, we de5ne the notion of
a quasi-H -right torsor If (H ′; mH ′ ; H ′ ; H ′ ; H ′ ; SH ′) is another Hopf algebra, then an
(H;H ′)-torsor is the collection of an octuple (T; mT ; 1T ; 1T ; 
T ; iT ; jT ; T ) such that (1)
(T; mT ; 1T ; 1T ; iT ; T ) is a H -left-torsor, (2) (T; mT ; 1T ; 
T ; jT ; T ) is an H ′-right-torsor,
(3) by 1T and 
T , T is an (H;H ′)-bicomodule-algebra, (4) (iT ⊗ IdT ) ◦ 1T = (IdT op ⊗
jT ) ◦ 
T .
We will see soon that this is an intermediate notion between the two concepts of
(QT) and (HGE).
Remark 4.10. If (T; mT ; 1T ; T ; 1T ; iT ) is a quasi-H -left-torsor, then (T op; m
op
T ; 1T ; 
T op ;
iopT ; T ) is a quasi-H
op;cop-right-torsor with 
T op := (12) ◦ 1T :T op → T op ⊗ H op;cop and
iopT := (12) ◦ iT :H op;cop → T op ⊗ T .
Obviously, as seen in (4.1)–(4.4), the following proposition holds.
Theorem 4.11. Let (T; mT ; 1T ; T ; T ) be a quantum torsor over k (with T topologi-
cally free over k if k =K[[h]]). Then, T can be equipped with a natural structure of
an Hl(T )-left-torsor over k.
We show that any H -left torsor is an H -left-Galois extension of k.
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Theorem 4.12. Let (H;mH ; H ; H ; H ; SH ) be a Hopf algebra and (T; mT ; 1T ; 1T ; iT ; T )
an H -left-torsor with T faithfully Dat over R. Then, T is an H-left Hopf–Galois
extension of R.
Proof. If 1T (x)=1H ⊗x with x∈T , then T (x)=1T ⊗1T ⊗x. So, 1T ⊗x=(IdT ⊗mT )◦
T (x)=x⊗1T . So, x∈R ·1T since T is faithfully ;at. Hence, we see that T coH =R ·1T .
Now, set  := (IdT ◦ mT ) ◦ (iT ⊗ IdT ). Then,
can ◦  = (IdH ⊗ mT ) ◦ (1T ⊗ IdT ) ◦ (IdT ⊗ mT ) ◦ (iT ⊗ IdT )
= (IdH ⊗ mT ) ◦ (IdH ⊗ IdT ⊗ mT ) ◦ (1T ⊗ IdT op ⊗ IdT ) ◦ (iT ⊗ IdT ):
But iT is an H -left-comodule morphism. So,
(1T ⊗ IdT op ) ◦ iT = (IdH ⊗ iT ) ◦ H : (4.9)
So,
can ◦  (4:9)= (IdH ⊗ mT ) ◦ (IdH ⊗ IdT ⊗ mT ) ◦ (IdH ⊗ iT ⊗ IdT ) ◦ (H ◦ IdT )
= (IdH ⊗ mT ) ◦ (IdH ⊗ mT ⊗ IdT ) ◦ (IdH ⊗ iT ⊗ IdT ) ◦ (H ◦ IdT )
(4:6)
= (IdH ⊗ mT ) ◦ (IdH ⊗ T ⊗ IdT ) ◦ (IdH ⊗ H ⊗ IdT ) ◦ (H ⊗ IdT )
= IdH ⊗ IdT :
On the other hand, we have
 ◦ can = (IdT ⊗ mT ) ◦ (iT ⊗ IdT ) ◦ (IdH ⊗ mT ) ◦ (1T ⊗ IdT )
= (IdT ⊗ mT ) ◦ (IdT ⊗ IdT ⊗ mT ) ◦ (iT ⊗ IdT ⊗ IdT ) ◦ (1T ⊗ IdT )
= (IdT ⊗ mT ) ◦ (IdT ⊗ mT ⊗ IdT ) ◦ (iT ⊗ IdT ⊗ IdT ) ◦ (1T ⊗ IdT )
= (IdT ⊗ mT ) ◦ (IdT ⊗ mT ⊗ IdT ) ◦ (T ⊗ IdT )
(4:8)
= IdT ⊗ IdT :
Therefore, can is a bijective map and T is an H -left Hopf–Galois extension of R.
From Theorems 4.11 and 4.12, one obtains the following corollary:
Corollary 4.13. Let (T; mT ; 1T ; T ; T ) be a quantum torsor over k (with T topologi-
cally free over k if k=K[[h]]). Then, T is an (Hl(T ); Hr(T ))-Hopf–biGalois extension
of k.
Corollary 4.14. If k =K, then the following diagram is commutative:
HGS ←−− HGE
↘ ↗
QT
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Proof. This comes from Theorem 4.2, Corollary 4.13 and Theorem 4.1.
We prove now that the notions of quantum torsor and H -torsor are equivalent if
R= k. The following proposition is a converse to Theorem 4.11.
Theorem 4.15. Let (H;mH ; H ; H ; H ; SH ) be a k-Hopf algebra, (T; mT ; 1T ; 1T ; iT ; T )
an H -left-torsor (with T topologically free over k if k = K[[h]]) and T := (iT ⊗
IdT ) ◦ 1T . Then (1) (T; mT ; 1T ; T ; T ) is a quantum torsor over k, (2) Im iT ⊂ Hl(T )
and (3) iT establishes a Hopf algebra isomorphism between H and Hl(T ). We get a
similar result for H -right-torsors and (H;H ′)-torsors.
Proof. Let x∈T . Then,
(mT ⊗ IdT ) ◦ T (x) (4:6)= (mT ◦ iT )(xH )⊗ xT
= T (H (xH ))⊗ xT
= T (1)⊗ H (xH )xT
= 1T ⊗ xH
with the notation 1T (x) = xH ⊗ xT . Thus, (2.6) is true. Moreover, by de5nition of T ,
we have
(T ⊗ IdT op ⊗ IdT ) ◦ T
= (iT ⊗ IdT ⊗ IdT op ⊗ IdT ) ◦ (1T ⊗ IdT op ⊗ IdT ) ◦ (iT ⊗ IdT ) ◦ 1T
(4:9)
= (iT ⊗ IdT ⊗ IdT op ⊗ IdT ) ◦ (IdH ⊗ iT ⊗ IdT ) ◦ (H ⊗ IdT ) ◦ 1T
= (iT ⊗ iT ⊗ IdT ) ◦ (IdH ⊗ 1T ) ◦ 1T
because T is an H -left-comodule by 1T . So, (2.8) holds.
Lemma 4.16. We have (IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (T ⊗ IdT op ) ◦ iT = (IdT ⊗ opT ) ◦ iT .
Proof. From the de5nition of T and the fact that iT is an H -left-comodule morphism,
we get
l:h:s = (IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (iT ⊗ IdT ⊗ IdT op ) ◦ (1T ⊗ IdT op ) ◦ iT
= (iT ⊗ IdT ⊗ IdT op ) ◦ (IdH ⊗ T ⊗ IdT op ) ◦ (IdH ⊗ iT ) ◦ H
(4:5)
= (iT ⊗ IdT ⊗ IdT op ) ◦ (IdH ⊗ ((12) ◦ iT )) ◦ (IdH ⊗ SH ) ◦ H
= (IdT ⊗ IdT op ⊗ ((12) ◦ iT )) ◦ (iT ⊗ IdH op; cop ) ◦ (IdH ⊗ SH ) ◦ H :
But iT is also an H op;cop-right-comodule morphism. So,
l:h:s = (IdT ⊗ IdT op ⊗ ((12) ◦ iT )) ◦ (IdT ⊗ 
T op ) ◦ iT
= (IdT ⊗ opT ) ◦ iT = r:h:s:
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Now, we see that
(IdT ⊗ IdT op ⊗ T ⊗ IdT op ⊗ IdT ) ◦ (T ⊗ IdT op ⊗ IdT ) ◦ T
=(IdT ⊗ IdT op ⊗ T ⊗ IdT op ⊗ IdT ) ◦ (T ⊗ IdT op ⊗ IdT ) ◦ (iT ⊗ IdT ) ◦ 1T
=(IdT ⊗ opT ⊗ IdT ) ◦ (iT ⊗ IdT ) ◦ 1T
=(IdT ⊗ opT ⊗ IdT ) ◦ T :
So (2.9) holds. Moreover,
T ◦ T = (iT ⊗ IdT ) ◦ 1T ◦ T
(4:7)
= (iT ⊗ IdT ) ◦ (S2H ⊗ T ) ◦ 1T
(4:5)
= (T ⊗ T ⊗ T ) ◦ (iT ⊗ IdT ) ◦ 1T
= (T ⊗ T ⊗ T ) ◦ T :
So (2.10) also holds. Thus, we have proved that (T; mT ; 1T ; T ; T ) is a quantum torsor.
Moreover, Im iT ⊂ Hl(T ). This follows directly from Lemma 4.16. To prove (3), we
5rst prove the following lemma.
Lemma 4.17. We have (1T ⊗ IdT op )(Hl(T )) ⊂ H ⊗ Hl(T ).
Proof. Let x∈Hl(T ). Then, by de5nition of T and the fact that T is an H -left-
comodule by 1T , we get
(IdH ⊗ IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (IdH ⊗ T ⊗ IdT op ) ◦ (1T ⊗ IdT op )(x)
= (IdH ⊗ IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (IdH ⊗ iT ⊗ IdT ⊗ IdT op ) ◦
(IdH ⊗ 1T ⊗ IdT op ) ◦ (1T ⊗ IdT op )(x)
= (IdH ⊗ IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (IdH ⊗ iT ⊗ IdT ⊗ IdT op ) ◦
(H ⊗ IdT ⊗ IdT op ) ◦ (1T ⊗ IdT op )(x)
(4:9)
= (IdH ⊗ IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (1T ⊗ IdT op ⊗ IdT ⊗ IdT op ) ◦
(iT ⊗ IdT ⊗ IdT op ) ◦ (1T ⊗ IdT op )(x)
= (1T ⊗ IdT op ⊗ IdT ⊗ IdT op ) ◦ (IdT ⊗ IdT op ⊗ T ⊗ IdT op ) ◦ (T ⊗ IdT op )(x)
= (1T ⊗ IdT op ⊗ IdT ⊗ IdT op ) ◦ (IdT ⊗ opT )(x)
= (IdH ⊗ IdT ⊗ opT ) ◦ (1T ⊗ IdT op )(x):
Hence, by Corollary 2.13, we get the result.
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Now, set jT := (IdH⊗Hl(T ))◦(1T⊗IdT op ). Then, by Lemma 4.17, jT is a well-de5ned
map from Hl(T ) to H . For all x∈H , we have jT ◦ iT (x)=(IdH ⊗ Hl(T ))◦ (1T ⊗ IdT op )◦
iT (x). On the other hand, we have
(IdH ⊗ mT ) ◦ (1T ⊗ IdT op ) ◦ iT (x) (4:9)= (IdH ⊗ mT ) ◦ (IdH ⊗ iT ) ◦ H (x)
(4:6)
= (IdH ⊗ T ) ◦ (IdH ⊗ H ) ◦ H (x)
= x ⊗ 1T :
So, by de5nition of Hl(T ), we see that jT ◦ iT (x) = x. Conversely, let x∈Hl(T ). Then,
iT ◦ jT (x) = iT ◦ (IdH ⊗ Hl(T )) ◦ (1T ⊗ IdT op )(x)
= (IdT ⊗ IdT op ⊗ Hl(T )) ◦ (iT ⊗ IdT ⊗ IdT op ) ◦ (1T ⊗ IdT op )(x)
= (IdHl(T ) ⊗ Hl(T )) ◦ (T ⊗ IdT op )(x)
= (IdHl(T ) ⊗ Hl(T )) ◦ Hl(T )(x) = x:
Therefore, iT is a bijective map from H to Hl(T ). The fact that it is a Hopf-algebra
morphism is left to the reader.
Note 4.18. In the framework of H -left torsor, there is a simple equivalent relation
to relations (2.11) and (2.12). To give explicitly an expression for T , we adopt the
following notations: iT (h) = h[1] ⊗ h[2] for h∈H and 1T (x) = xH ⊗ xT for x∈T . We
claim that
∀x∈T; SH (xH )[1]xT ⊗ SH (xH )[2] = 1T ⊗ T (x): (4.10)
Indeed, by (4.5), we have SH (xH )[1] ⊗ SH (xH )[2] ⊗ xT = x[2]H ⊗ T (x[1]H )⊗ xT . So (4.10)
follows from (4.8). Therefore,
∀x∈T; T (x) = SH (xH )[1]xT SH (xH )[2]; (4.11)
h[1]h[2] = SH (xH )[2]SH (xH )[1]xT : (4.12)
4.3.2. Schauenburg’s theorem
In this short section, we present a sketch of the proof of the converse of Corollary
4.13: any H -left Hopf–Galois extension T of k is a quantum torsor with Hl(T ) ∼= H .
To this end, we prove the following result which is itself a converse of Theorem 4.12:
Theorem 4.19. Let H be a Hopf algebra and T a faithfully Dat H -Galois exten-
sion of R. Then, (1) T is naturally an H -torsor and (2) the natural structure of
H -Galois extension of R on T associated with the H -torsor T is isomorphic to T as
H -Galois extensions (see Theorem 4.12). The same result holds with R=K[[h]] and
T topologically free over K[[h]].
Proof. Let us denote by 1T :T → H ⊗ T the H -left-comodule structure map on an
H -left Hopf–Galois extension T of k and can :T⊗T → H⊗T the canonical map. The
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bijectivity of can allows to de5ne a map iT :H → T ⊗ T by iT (h) := can−1(h ⊗ 1T ).
We adopt the same notations as above for iT and 1T : iT (h) = h[1] ⊗ h[2] for h∈H
and 1T (x) = xH ⊗ xT for x∈T . We recall Schneider’s relations [14] for H -left Galois
extensions:
∀g; h∈H ∀x∈T; x[1]H ⊗ x[2]H xT = x ⊗ 1T ; (4.13)
h[1]h[2] = H (h)1T ; (4.14)
h′ ⊗ h′′[1] ⊗ h′′[2] = h[1]H ⊗ h[1]T ⊗ h[2]; (4.15)
h′[1] ⊗ h′[2] ⊗ SH (h′′) = h[1] ⊗ h[2]T ⊗ h[2]H ; (4.16)
(gh)[1] ⊗ (gh)[2] = g[1]h[1] ⊗ h[2]g[2]; (4.17)
1[1]H ⊗ 1[2]H = 1T ⊗ 1T : (4.18)
One can interpret these relations in terms of H -left torsor axioms. The 5rst one is
equivalent to (4.8) while the second one is equivalent to (4.6). The fourth last relations
express the fact that iT is an (H;H op;cop)-bicomodule-algebra morphism from H to
T ⊗ T op. Therefore, to prove that T is an H -left torsor, it is enough to prove that
T de5ned by one of the expression of (4.11) or (4.12) is an algebra morphism and
satis5es (4.5) and (4.7). This can be 5nd in [13].
Similarly, if T is a faithfully ;at (H;H ′)-biGalois extension of R, then T is an
(H;H ′)-torsor.
Theorem 4.20. Conversely, let T is a faithfully Dat H -torsor. Then the natural struc-
ture of H -torsor on T given by Theorem 4.19 associated with T seen as an H -Galois
extension of R (see Theorem 4.12) is isomorphic to T as H -torsors.
The same result holds with faithfully ;at (H;H ′)-objects over R.
Corollary 4.21. The two notions of H -torsors (resp., (H;H ′)-torsors) and H -Galois
extensions (resp., (H;H ′)-Galois extensions) extensions are equivalent.
The advantage of this approach is that now, Hopf–Galois objects are no longer
de5ned with the help of a merely bijective map (the map can) but with the help of
algebras morphisms.
As a corollary, we get [13]:
Theorem 4.22 (Schauenburg). If T is a faithfully Dat (H;H ′)-Galois extension of R,
then T is naturally a quantum torsor. Moreover, if R = k, then Hl(T ) ∼= H and
Hr(T ) ∼= H ′.
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